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Nonequilibrium Floquet topological phases due to periodic driving are known to exhibit rich
and interesting features with no static analogs. Various known topological invariants usually pro-
posed to characterize static topological systems often fail to fully characterize Floquet topological
phases. This fact has motivated extensive studies of Floquet topological phases to better under-
stand nonequilibrium topological phases and to explore their possible applications. Here we present
a theoretically simple Floquet topological insulating system that may possess an arbitrary number
of counter-propagating chiral edge states. Further investigation into our system reveals another
related feature by tuning the same set of system parameters, namely, the emergence of almost flat
(dispersionless) edge modes. In particular, we employ two-terminal conductance and dynamical
winding numbers to characterize counter-propagating chiral edge states. We further demonstrate
the robustness of such edge states against symmetry preserving disorder. Finally, we identify an
emergent chiral symmetry at certain sub-regimes of the Brillouin zone that can explain the pres-
ence of almost flat edge modes. Our results have exposed more interesting possibilities in Floquet
topological matter.
I. INTRODUCTION
Following the discovery of quantum Hall effect 1, topo-
logical explanation of quantized charge transport 2–5 and
experimental discovery of topological materials 6,7, topo-
logical phases of matter has emerged as one main re-
search topic in condensed-matter physics. Here, topolog-
ical phases of matter refer to systems which are protected
not only by their underlying (internal and/or spatial)
symmetry, but also by their inherent topological struc-
ture characterized by certain quantized invariants. These
invariants, which are usually defined in the systems’ bulk,
manifest themselves as robust edge states at the systems’
boundaries 4, thus leading to the so-called bulk-boundary
correspondence 8.
Depending on the specific system and symmetries un-
der consideration 9–11, such edge states commonly take
the form of either gapless chiral edge states in Chern insu-
lators (superconductors) 12,13 or flat (dispersionless) edge
states in chiral/particle-hole symmetry protected topo-
logical insulators (superconductors) 14,15, Weyl semimet-
als 16–18, and nodal line semimetals 19–22. Due to their
topological origin, these edge states are protected against
a wide range of symmetry preserving perturbations 23–25,
which may lead to potential applications in designing
robust electronic/spintronic devices as well as in fault-
tolerant quantum information processing.
While originally topological phases are defined in terms
of ground states of equilibrium systems, their studies in
out of equilibrium systems, i.e., in the presence of time-
periodic driving, have been extensively carried out since
the last decade 26–39,41,42. This leads to a variety of
the so-called Floquet topological phases such as Floquet
topological insulators 31,32,34–42, Floquet topological su-
perconductors, 43–45, Floquet Weyl semimetals 46,47 and
Floquet nodal line semimetals 48,49. Here, the term “Flo-
quet” refers to the application of Floquet theory 50,51 to
characterize the topology of these time-periodic systems.
The time-dependence of the Hamiltonian describing
Floquet systems indicates that energy is no longer con-
served and is replaced by an analogous quantity termed
quasienergy, defined only modulo the driving frequency
ω. Consequently, topological phase transitions under var-
ious symmetry considerations are not only due to band
closing around zero quasienergy, but also due to that
around ω/2 quasienergy. Because a Floquet eigenstate
with quasienergy ω/2 necessarily has an eigenphase ±pi,
a quasi-energy gap at quasi-energy 0 and ω/2 is also
referred to as the zero or the pi (eigenphase) gap. As
such, Floquet topological matter under the open bound-
ary conditions may possess edge states in the zero or pi
gap, or both. Existing topological invariants defined for
static topological systems may therefore not fully char-
acterize the edge states of Floquet topological phases.
Indeed, great efforts have been devoted in recent years
to define new Floquet topological invariants. These in-
clude the dynamical winding number 31, scattering ma-
trix invariants 39, and the symmetric time-frame winding
number 33,34, to name a few.
Floquet topological phases have attracted much at-
tention not only due to the additional tunability of-
fered by the periodic drive to switch between various dis-
tinct topological phases, but also due to their potential
to exhibit remarkable features with no static counter-
part. For example, certain Floquet topological insula-
tors are known to exhibit nontrivial counter-propagating
edge states (that is, with opposite chiralities), which arise
when chiral edge states with opposite chirality localizes at
the same boundary but around different quasimomenta
35–40. However, such counter-propagating edge states are
not necessarily topologically protected. It is also worth
noting that co-propagating edge states can respectively
exist at the zero and the pi gap. This leads to the possibil-
ity that a nonequilibrium topological system has zero Flo-
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2quet band Chern number but still hosts chiral edge states
31,35. Another potentially important feature of Floquet
topological phases is their capability to host a large num-
ber of co-propagating chiral edge states 30,38,41, which
are characterized by a large dynamical winding number
31 and can in principle be probed via two-terminal con-
ductance 39,52,53.
The purpose of this article is to present yet other in-
teresting features of Floquet topological phases, using a
theoretically simple two band model. First, we report
the possibility of having an arbitrarily large number of
robust counter-propagating edge states in both zero and
pi quasienergy gaps. Unlike the arbitrarily large number
of co-propagating chiral edge states observed in Ref. 42,
the counter-propagating nature of the edge states ob-
served here indicates that even the dynamical winding
number of Ref. 31 can no longer fully describe them. We
thoroughly study the phase transitions associated with
the emergence of more counter-propagating edge states
as we tune the system parameters. Moreover, we dis-
cuss the topological behaviour of the system in terms
of the dynamical winding number and two-terminal con-
ductance to build the bulk-boundary correspondence for
these edge states, thus clearly proposing a way to account
for the number of pairs of these counter-propagating
edge states. Second, we briefly study the impact of
symmetry-preserving disorder to verify the robustness of
such counter-propagating edge states. Finally, as a side
result in the same system, we show that for certain val-
ues of system parameters, our model system may host
almost flat edge states coexisting with other chiral edge
states. These almost flat edge states are explained by
the emergence of certain local chiral symmetry at many
isolated points in the Brillouin zone away from the rest
of chiral edge states.
This article is structured in the following way. In sec-
tion II, we introduce our system and analyse its symme-
tries to determine its topological class. In section III, we
show how the proposed system may host many counter-
propagating edge states. We comprehensively analyse
the system’s Floquet operator to analytically locate the
topological phase transitions in section III A. In section
III B, we establish the bulk-boundary correspondence of
the system in terms of its two-terminal conductance and
dynamical winding number. In section III C, we intro-
duce symmetry-preserving disorder to our model system
and verify the robustness of its edge states. In section
IV, we show that in certain parameter regime, the sys-
tem hosts almost flat (dispersionless) edge states at zero
and/or pi eigenphase, explained by an emergent chiral
symmetry for many isolated points in the Brillouin zone.
Finally, we conclude this paper by summarizing our re-
sults in section V.
II. MODEL DESCRIPTION AND SYMMETRY
ANALYSIS
We consider a two dimensional lattice with nearest
neighbour hopping and on-site mass term. Each site in
the lattice consists of two sub-lattice degrees of freedom
denoted by σ. Time periodicity is introduced by employ-
ing a three-step quench protocol such that the system
Hamiltonian in momentum representation is given as,
H(k, t) =

H1(k) = 3γ1σx T ≤ t < T + T3
H2(k) = 3γ2σy T +
T
3 ≤ t < T + 2T3
H3(k) = 3γ3σz T +
2T
3 ≤ t < 2T
, (1)
where T is the time period of the drive, γ1 =
J1 sin(kx), γ2 = J2 sin(ky) and γ3 = J3[M + cos(kx) +
cos(ky)] are functions of two quasi-momenta kx and ky.
J1 (J2) is the hopping parameter in the x (y)-direction
during the first (second) step of the quench, and J3
(J3M) is the hopping parameter in both spatial dimen-
sions (the on-site mass term) during the third step of the
quench.
In passing, we would like to acknowledge that the
above mentioned model has been previously studied in
Ref. 42, which is based on the Floquet generalization of
the Qi-Wu-Zhang (QWZ) model representing a minimal
Chern insulating system 54. Although this work uses the
same model as in Ref. 42, our work is different from that
of Ref. 42, which used the model to highlight the possibil-
ity of generating an arbitrary number of co-propagating
chiral edge states. Here, we show that by appropriately
tuning some other system parameters, two interesting
features are observed. First, the same model is also
capable of generating an arbitrary number of counter-
propagating edge states, which cannot be captured by
the dynamical winding number 31 alone. As we will show
below, an appropriate combination of dynamical winding
number and the two-terminal conductance 39 can be con-
structed to fully characterize such counter-propagating
edge states. Second, at certain parameter values, almost
flat (dispersionless) edge states emerge in the system and
coexist with chiral and counter-propagating edge states,
which leads to the emergence of chiral symmetry at some
points in the Brillouin zone. To date, some features of
Floquet topological phases (e.g., the presence of chiral
edge states around zero and pi (eigenphase) gaps), have
been experimentally demonstrated in graphene 55, pho-
tonic 56–59 and acoustic 60 systems. It is thus expected
that a suitable modification of such experiments can be
carried out to observe the results presented in this work.
The time-dependent Schro¨dinger equation of the sys-
tem is given as i~ ∂∂t | Ψn(k, t)〉 = H(k, t) | Ψn(k, t)〉,
where H(k, t+T ) = H(k, t) and T = 2piω being the period
of the drive. Following the general practice in studies of
Floquet topological phases, we now employ Floquet the-
ory in quantum mechanics 50,51. To this end, we first de-
fine a Floquet operator as the one-period time evolution
3operator, i.e., Tˆe−
i
~
∫ T
0
Hˆ(k,t)dt, where Tˆ is time order-
ing operator. Solving the Floquet eigenvalue equation
Tˆe−
i
~
∫ T
0
Hˆ(k,t)dt | Ψn(k)〉 = e−iΩn(k)T/~ | Ψn(k)〉 leads
to a spectrum of eigenphases Ωn(k) termed quasiener-
gies (n being the band index), which replace the role of
energies in such a time-periodic system. By construc-
tion, quasienergies are only defined modulo ω = 2piT ,
which in this paper are taken to be within
(− piT , piT ].
In this case, topological phase transitions occur when
two quasienergy bands touch, while topological invari-
ants are usually defined in terms of Floquet eigenstates
| Ψn(k)〉 when each quasienergy band is well separated
from one another (away from the topological phase tran-
sition regime).
The Floquet operator associated with Eq. (1) can be
explicitly written as
U(k) = e
−iH3(k)
3 e
−iH2(k)
3 e
−iH1(k)
3 , (2)
where we have fixed ~ = T = 1 for the rest of this paper
(Hence, quasienergy is the same as Floquet eigenphase
below). Equation (2) can be recast in the form,
U(k) = d0σ0 − i(dxσx + dyσy + dzσz) , (3)
where σ0 is the 2 × 2 identity matrix and σ are Pauli
matrices representing the sub-lattice degrees of freedom.
d0, dz and dx, dy are even and odd real functions un-
der (kx, ky) → (−kx,−ky), whose exact expressions are
detailed in Appendix A. The quasienergies are then
given as Ω = ± cos−1(d0), where +(-) denotes the up-
per (lower) band. The Floquet operator can also be
represented in terms of effective Hamiltonian such that
U(k) = e−iHeff (k) where Heff = −i log[U(k)]. Thus
effective Hamiltonian from Eq. (3) can be written as,
Heff (k) = |Ω|[dxσx+dyσy+dzσz√
d2x+d
2
y+d
2
z
], where |Ω| = cos−1[d0].
The topological classification of Floquet topological
phases based on their internal symmetries are studied in
Ref. 11. In particular, the charge-conjugation/particle-
hole (PH = PK), time reversal (TR = T K) and chiral
(C) symmetry operations satisfy
PU∗(k)P† = U(−k)
T U∗(k)T † = U†(−k)
CU(k)C† = U†(k) ,
(4)
respectively, where P, T and C are unitary operators and
K is the complex conjugation operator. It can be verified
that Eq. (3) respects the charge-conjugation symmetry
P = σx,
PU∗(k)P† = σx
[
d0σ0 + i(dxσx − dyσy + dzσz)
]
σx
= d0σ0 − i(−dxσx − dyσy + dzσz) = U(−k) ,
since dx,y(−k) = −dx,y(k) and dz(−k) = dz(k) are odd
and even functions of k respectively. On the other hand,
it does not respect time-reversal (T ) and chiral (C) sym-
metries in general.
With only charge-conjugation symmetry (P2 = +1),
the system belongs to class D of topological classifica-
tion and is characterized by a Z×Z-topological index in
two spatial dimensions 11. Here Z × Z index refers to
distinct integer invariant for each quasienergy gap (zero
and pi). More importantly, such a symmetry also leads
to the topological protection of counterpropagating edge
states appearing in the system, as chiral edge states with
positive and negative chirality are pinned around k = 0
and k = pi quasimomenta respectively, thus prevent-
ing their hybridization through continuous deformations.
As an immediate consequence, such counterpropagating
edge states can only be created or destroyed through a
quasienergy gap closing and reopening process, which al-
lows one to systematically characterize and control their
number through the tuning of some system parameters
as further detailed below.
In the following two sections, we show how various edge
states with distinct features arise as the system parame-
ter J3 is varied. In particular, we identify the occurrence
of two types of band closings at several J3 values, whose
interplay leads to the emergence of counter-propagating
edge states, characterizable by a combination of the two-
terminal conductance 39 and dynamical winding number
31. Moreover, we find that at sufficiently large values of
J3, almost flat (dispersionless) edge states emerge in ad-
dition to the generation of new counter-propagating edge
states. We further identify the emergence of chiral sym-
metry at (many) isolated points in the Brillouin zone,
which explains the existence of these almost flat edge
states. It is expected that most of these features are also
present in other charge-conjugation symmetry-protected
Floquet topological insulators.
III. COUNTER-PROPAGATING EDGE STATES
In this section, we show how the system introduced
above may support an arbitrary number of counter-
propagating edge states. To this end, we start by an-
alytically solving the parameter values for which the
quasienergy bands close, as well as the quasienergy dis-
persion and effective Hamiltonian near these band touch-
ing points. In particular, we observe that the two dif-
ferent types of band touching points that occur alter-
nately as J3 increases, leads to the generation of counter-
propagating edge states. Two-terminal conductance
and dynamical winding number are used to establish
the bulk-boundary correspondence. Finally, symmetry-
preserving disorder effects are studied in order to demon-
strate the robustness of these edge states.
A. Analysis of band touching points
By diagonalizing the Floquet eigenvalue equation
U(k) | Ψ±(k)〉 = e−iΩ±(k) | Ψ±(k)〉 and using Eq. (3),
the quasienergy expression can be obtained as, Ω±(k) =
4± cos−1(d0) where
d0 = cos[γ1] cos[γ2] cos[γ3] + sin[γ1] sin[γ2] sin[γ3] . (5)
From the above expression it is seen that in the two di-
mensional Brillouin zone (BZ), the quasienergy bands
close at either zero or pi quasienergy for arbitrary val-
ues of J1, J2 whenever J3 = mpi/3, where m is an inte-
ger. Under these parameter values, we may Taylor ex-
pand the Floquet operator near any BZ point (kx0 , ky0)
such as (kx, ky) = (kx0 + δx, ky0 + δy) with δx(δy) being
small deviations. In particular, we take the first order
approximation in δx(δy) such that δ
2
x(δ
2
y) ≈ 0 around
(kx0 , ky0) = (0, 0) to obtain
U(0 + δx, 0 + δy) = ±σ0 − i(±J1δxσx ± J2δyσy) , (6)
where upper (lower) sign refer to even (odd) value of m
(see Appendix A).
From Eq. (6), we observe the following. First, gap clos-
ing around quasienergy zero (pi) occurs at (kx0 , ky0) =
(0, 0) whenever m is even (odd). Second, The effec-
tive Hamiltonian associated with Eq. (7) is Heff =
J1δxσx+J2δyσy√
(J1δx)2+(J2δy)2
, which takes the form of Dirac Hamil-
tonian. The Dirac-like effective Hamiltonian shows that
quasienergy dispersion is linear near the band touching
point.
We further observe that for m = 3m′ with m′ being
an integer, additional band touching points appear in
the two dimensional BZ along with (kx0 , ky0) = (0, 0).
These points are (kx0 , ky0) = (0, pi), (pi, 0) and (pi, pi). The
Floquet operator around these points can be expanded
up to first order in δx and δy as,
U(0 + δx, pi + δy) = ±σ0 − i(±J1δxσx ∓ J2δyσy) ,
U(pi + δx, 0 + δy) = ±σ0 − i(∓J1δxσx ± J2δyσy) ,
U(pi + δx, pi + δy) = ±σ0 − i(∓J1δxσx ∓ J2δy, σy) ,
(7)
where upper (lower) sign again refers to even (odd) values
of m = 3m′. The same observations above, namely, al-
ternate gap closing around zero and pi quasienergies and
Dirac effective Hamiltonian are also made from Eq. (7).
The above analysis shows that there are two types
of topological phase transitions (referred to as type-I
and type-II for the sake of naming them) occurring in
the system as J3 parameter is varied. Type-I (type-II)
topological phase transitions refer to those involving gap
closing at a single point (kx0 , ky0) = (0, 0) (four points
(kx0 , ky0) = (0, 0), (0, pi), (pi, 0), (pi, pi)) in the two dimen-
sional BZ, which occur at J3 = mpi/3 with m 6= 3m′
(m = 3m′). It follows that as J3 increases from zero, two
type-I topological phase transitions first occur around pi
and zero quasienergies at J3 = pi/3 and J3 = 2pi/3 respec-
tively, before first type-II topological phase transition oc-
curs around pi quasienergy at J3 = pi. Another two type-I
topological phase transitions then occur around zero and
pi quasienergies at J3 = 4pi/3 and J3 = 5pi/3 respec-
tively, followed by a type-II topological phase transition
at J3 = 2pi, now occurring around zero quasienergy. The
same pattern described above then repeats itself as J3
is varied further. As we demonstrate numerically below,
the counter-propagating edge states emerge due to the
alternate occurrences of type-I and type-II topological
phase transitions at a given quasienergy.
B. Topological characterization and bulk-boundary
correspondence
In this section, we study the phase transitions induced
by gap closing and reopening process as we vary the J3
parameter. Topological phases are characterized by in-
variants to establish bulk-edge correspondence, which do
not change as long as there is no gap closing. Our system
supports both counter-propagating and chiral edge states
which may or may not coexist. In order to characterize
the system completely, we compute the two-terminal con-
ductance and dynamical winding number. These indices
respectively predict the total and net chirality 61 of edge
states in a given band gap which helps us to determine
the pairs of counter-propagating edge states.
1. Two-terminal conductance
We evaluate the system’s two-terminal conductance
39 to characterize the total chirality of edge states in a
quasienergy gap. To this end, we consider rectangular
geometry such that the system has Nx (Ny) number of
unit cells in x (y) spatial direction. We apply external
terminals in the form of absorbing boundary conditions
in the x-direction such that the projector onto the ab-
sorbing terminal is given as,
P =
{
1 if ny ∈ {1, Ny} ,
0 otherwise ,
where ny is the index to the unit cell in y-direction. The
projector acts stroboscopically which is to say that the
absorbing terminals only act at the beginning and end of
each period. With these preliminaries, we define unitary
scattering matrix for a given quasienergy gap  ∈ {0, pi}
as,
S = P
[
1− eiUˆ(1− PTP )
]−1
eiUˆPT ,
where T denotes the matrix transpose and Uˆ being the
Floquet operator under the boundary conditions defined
above. The resulting scattering matrix is given as,
S =
(
r t
t∗ r∗
)
, (8)
where ∗ corresponds to the complex conjugation, r and t
are the blocks of reflection and transmission amplitudes
respectively. The two-terminal conductance is than given
as a function of quasienergy as G = Trace(tt∗), where
5 is taken in either zero or pi gap. It is worth mention-
ing that in realistic settings, an incoming state cannot be
prepared at a given quasienergy  value. Instead, an in-
coming state is prepared at a certain energy, and in that
situation quantized conductance is obtained only after
applying the so-called Floquet sum rule 63, which has
been also demonstrated in Ref. 52,53.
2. Dynamical winding number
Dynamical winding number characterizes the net chi-
rality of edge states crossing zero and pi quasienergy gaps
31. The idea is to determine the winding of edges states
in quasienergy Brillouin zone without closing the  gap,
where  ∈ {0, pi}. In order to calculate such an invariant,
cyclic evolution is introduced by employing a modified
time-evolution operator which is denoted by U˜(k, t) and
given as,
U˜(k, t) =
{
U(k, 2t) if 0 ≤ t < T/2
e−iH

eff (2T−2t) if T/2 ≤ t < T ,
where T = 1 is the system’s period, Heff =
− iT log[U(k, T )] is the effective Hamiltonian and  is the
branch cut of logarithm function which is taken to be the
quasienergy gap under consideration. The operator dur-
ing the second half of drive is a return map, which sends
the modified time-evolution operator to identity at the
end of one period, i.e., U˜(k, t = 0) = U˜(k, t = T ) = 1.
Dynamical winding number is then given as 31,
W =
1
8pi2
∫
dt dkx dky
× Tr
(
U˜−1 ∂tU˜
[
U˜−1 ∂kxU˜, U˜
−1
 ∂ky U˜
])
,
(9)
here W is the winding number in  gap and square
bracket represents the commutator.
The dynamical winding number is an integer equal to
the net chirality of all chiral edge states crossing the 
gap. In particular, a pair of counter-propagating edge
states has zero net chirality hence zero winding number.
By contrast, a pair of co-propagating edge states carry
two units of net chirality. Dynamical winding number
predicts the net chirality of all the edge states crossing
a particular quasienergy gap, so it may fail to capture
the total number of edge states even when only one of
the two (zero and pi) quasienergy gaps possesses counter-
propagating edge states.
3. Bulk-boundary correspondance
The two aforementioned topological invariants capture
distinct features which are summarized as follows. (i).
Two-terminal conductance determines the total chirality
61 of edge states in a given quasienergy gap. (ii). Dynam-
ical winding number determines the net chirality of edge
states in a gap such that two edge states with opposite
chirality localized at the same edge give zero winding
number. Following this observation, we define a quan-
tity (V) which determines the number of pairs of edge
states carrying positive and negative chirality (i.e., pairs
of counter-propagating edge states) around a quasienergy
 gap. This quantity is defined as,
V = G
− |W |
2
, (10)
where  = {0, pi} is the quasienergy gap, G is the two-
terminal conductance, and W is the dynamical winding
number.
The numerical calculations of two-terminal conduc-
tance G (red curve), dynamical winding number W
(blue curve) and pairs of counter-propagating edge states
V (green curve) are presented in Fig. 1 for both zero
and pi quasienergy gaps, as a function of J3 parameter.
It can be observed from Fig. 1 that type-I and type-II
topological phase transitions affect these invariants dif-
ferently. Type-I topological phase transitions always de-
crease the dynamical winding number by a unit integer
which results in an addition of one edge state with neg-
ative chirality at zero or pi quasienergy gap. Simultane-
ously, two-terminal conductance increases by one unit.
On the other hand, type-II topological phase transitions
always add two edge states with positive chirality at zero
or pi quasienergy gap which results in two units increase
of both two-terminal conductance and dynamical wind-
ing number. It is observed that two type-II topological
phase transitions are separated by two type-I topological
phase transitions and such a scheme lead to the creation
of counter-propagation edge states in both zero and pi
quasienergy gaps.
6FIG. 1. Parameter values are J1 = J2 = pi/3, M = 1.
Dynamical winding number (blue), two-terminal conductance
(red) and number of counter-propagating edge pairs (green)
for (a) zero (b) pi quasienergy gap are shown as we vary J3
parameter. Two-terminal conductance has been calculated
in a rectangular sample with Nx = 50, Ny = 170 and ab-
sorbing boundary conditions are applied in the y-direction
ny ∈ {1, Ny}. Furthermore, for two-terminal conductance
the value of  is chosen in the gap such that  = 0.0424pi ≈ 0
for conductance G0 in zero gap and  = 0.9780pi ≈ pi for
conductance Gpi in pi quasienergy gap.
In the following discussion, we will focus on the left
edge of the system (red edge states in Fig. 2) such that
nx = 1 under open (periodic) boundary conditions along
x (y)-direction respectively where nx is the unit cell in-
dex in x-direction. The first type-I phase transition oc-
curs at pi quasienergy for J3 = pi/3 which results in one
edge state with negative chirality. From Fig. 1(b), it can
be observed that two-terminal conductance increases by
unity while the dynamical winding number decreases by
the same amount. The second type-I phase transition
occurs at zero quasienergy for J3 = 2pi/3, where con-
ductance and dynamical winding number increases and
decreases by one unit respectively due to the emergence
of another edge state (now around zero quasienergy) with
negative chirality. Together with the existing edge state
of positive chirality around zero quasienergy, this results
in the formation of a pair of counter-propagating edge
states as can be observed in Fig. 2(a). The counter-
propagating pair gives rise to V0 = 1 (green curve in
Fig. 1(a)). We also found that the emergence of such
counter-propagating edge states does not depend on the
direction in which open boundary conditions are applied,
implying that they originate from strong topological ef-
fects (See Appendix B). Moreover, the presence of charge-
conjugation symmetry in two spatial dimensions also sig-
nal towards Z× Z topological classification 11.
FIG. 2. Parameter values are J1 = J2 = pi/3,M = 1, Nx =
400. States localized at the left (red) and right (green) edge
for (a) J3 = 0.8pi, (b) J3 = 1.2pi, (c) J3 = 1.5pi, and (d)
J3 = 1.8pi are shown. Two-terminal conductance, dynami-
cal winding number and number of counter-propagating edge
states around zero and pi quasienergy gap can be seen in Fig. 1
for each distinct case.
As we increase J3 further, type-II phase transition oc-
curs at pi quasienergy gap when J3 = pi, which results
in two additional edge states (around quasienergy pi)
with positive chirality. All these three states around pi
quasienergy gap (Fig. 2(b)), contribute towards Gpi = 3.
The number of counter-propagating edge states and chi-
ral edge states is given as (Vpi,Wpi) = (1, 1) in Fig. 1(b).
Further increase in J3 parameter will induce two con-
secutive type-I phase transitions when J3 = 4pi/3 and
J3 = 5pi/3 at zero and pi quasienergy gap respectively.
Each phase transition will result in a decrease of dy-
namical winding number by a unit integer due to the
addition of one edge state of negative chirality in the re-
spective gap. Figure 2(c) shows the creation of one addi-
tional edge state with negative chirality around the zero
quasienergy gap as a consequence of the phase transition
at J3 = 4pi/3. On the other hand, the phase transition
at J3 = 5pi/3 completes the pair of counter-propagating
edge states around the pi quasienergy gap which are de-
picted in Fig. 2(d). The total chirality, number of chi-
ral and counter-propagating edge states are respectively
in full agreement with the calculated two-terminal con-
ductance, dynamical winding number and the quantized
quantity V presented in Fig. 1.
Next phase transition occurs around the zero
quasienergy gap when J3 = 2pi, which completes the
pair of counter-propagating edge states around this gap.
Addition of two edge states with positive chirality in-
7creases the dynamical winding number form -1 to +1.
The counter-propagating pairs and chiral edge states are
given as (V0,W0) = (2, 1). As we keep increasing J3 pa-
rameter for a large finite lattice, any number of counter-
propagating edge states can be produced in a systematic
way which are characterized by V around  quasienergy
gap. For example, in the next section some explicit
examples with three pairs of counter-propagating edge
modes will be shown. In addition to this, the presence
or absence of chiral edge states along with the counter-
propagating edge pairs is given by dynamical winding
number W. To our knowledge, this is the first detailed
study of the systematic creation of arbitrary number of
counter-propagating edge states.
It is worth mentioning that the helical edge states of
the quantum spin Hall insulators7,64 and the counter-
propagating edge states discussed here are similar to each
other up to spin degrees of freedom. Helical edge states
also exhibit the localization of opposite chiralities at the
same edge of the system. Moreover, the two-terminal
transport study of quantum spin Hall insulators64,65 re-
sults in similar conductance measurements as we have
observed for the counter-propagating edge states. These
intriguing similarities among the behaviour of two sys-
tems, requires in depth study which is beyond the scope
of this article.
In conclusion, we have seen that the systematic gen-
eration of arbitrary number of counter-propagating edge
states around zero and pi quasienergy gaps is made pos-
sible through the presence of two types of topological
phase transitions which occur alternately around a given
quasienergy gap. Moreover, the two-terminal conduc-
tance and dynamical winding number allow us to deter-
mine the number of pairs of counter-propagating edge
states with certainty around both quasienergy zero and
pi gaps through the quantity V.
C. Disorder effects
In order to verify the robustness of the counter-
propagating and chiral edge states in our system, we
consider the presence of generic symmetry preserving dis-
orders affecting the on-site mass term and the hopping
term in both spatial directions during the third step of
the quench. The hopping terms J1 and J2 during the first
and second step of the quench are not subject to disor-
ders for simplicity. Floquet operator for the disordered
system is then given as Uˆ = e−iHˆ3/3e−iHˆ2/3e−iHˆ1/3 with
Hˆ1, Hˆ2, Hˆ3 being given as,
Hˆ1 =
Nx∑
nx
Ny∑
ny
[
−i3J1
2
| nx, ny〉〈nx + 1, ny | −H.c
]
σx ,
Hˆ2 =
Nx∑
nx
Ny∑
ny
[
− i3J2
2
| nx, ny〉〈nx, ny + 1 | −H.c
]
σy ,
Hˆ3 =
Nx∑
nx
Ny∑
ny
3
[ (J3 + λ1nx,ny )
2
| nx, ny〉〈nx + 1, ny |
+
(J3 + λ
2
nx,ny )
2
| nx, ny〉〈nx, ny + 1 |
+
M(J3 + λ
3
nx,ny )
2
| nx, ny〉〈nx, ny | +H.c
]
σz ,
where λ1nx,ny , λ
2
nx,ny and λ
3
nx,ny are random num-
bers drawn from same uniform distribution such that
(λ1nx,ny , λ
2
nx,ny , λ
3
nx,ny ) ∈ [−λ, λ], λ denoting the
strength of disorder.
We now consider the situation when we have a
pair of counter-propagating edge states around the
zero quasienergy gap and one chiral edge state around
the pi quasienergy gap (See Fig. 2(a)). We mea-
sure two-terminal conductance around both zero and
pi quasienergy gap for the disordered lattice by using
scattering matrix method 39. Disorder effect on the
counter-propagating edge states, which is reflected by
the conductance around the zero quasienergy gap (in-
dicated by the blue curve), can be observed in Fig. 3. A
plateau is clearly observed at small to moderate disor-
der strengths, indicating the robustness of such counter-
propagating edge states. At larger disorder strengths,
such as when λ & 1, the two-terminal conductance starts
to decrease exponentially. On the other hand, chiral edge
state around the pi quasienergy gap is relatively more sta-
ble, which is reflected by the conductance around the pi
quasienergy gap (indicated by the red curve) in Fig. 3.
It is worth noticing that λ = 1 is a strong enough
disorder strength for which J3 + λ falls in another topo-
logical phase supporting a different number of edge states
around both zero and pi quasienergy gaps (See Fig. 1).
As such, the deviation of G0 from its quantized value at
λ ≈ 0.8 can be attributed to a disorder-induced topolog-
ical phase transition rather than from the possible non-
topological nature of counter-propagating edge states.
Indeed, we have also verified (not shown in the figure)
that around λ ≈ 0.8, the bulk gap around quasienergy 0
becomes very small, which further supports our previous
argument.
8FIG. 3. Parameter values are J1 = J2 = pi/3, M = 1, Nx =
Ny = 50 and J3 = 0.8pi. Two-terminal conductance G

around the zero (blue) and pi (red) quasienergy gap is av-
eraged over 100 disorder realizations. The value of  is chosen
in the gap such that  = 0.0079pi ≈ 0 for conductance G0
around the zero quasienergy gap and  = 0.9960pi ≈ pi for
conductance Gpi around the pi quasienergy gap.
In conclusion, we can argue that the pair of counter-
propagating edge states and chiral edge states in our sys-
tem are immune against weak to moderate symmetry
preserving generic disorders. As the disorder strength
increases, Disorder-induced topological phase transition
takes place which leads to the deviation of G0 and Gpi
from their quantized values. In particular, a single chi-
ral edge state, which exists at quasienergy pi, is observed
to be relatively more robust as compared with a pair of
counter-propagating edge states existing at quasienergy
0, as indicated by the fact that disorder-induced topo-
logical phase transition around quasienergy pi occurs at a
larger disorder strength as comparated with that around
quasienergy 0. The relative difference in robustness be-
tween a pair of counter-propagating edge states and a
single chiral edge state can be understood as follows.
In the case of a pair of counter-propagating edge states,
the boundaries of the system have two conducting chan-
nels and strong disorder can induce backscattering across
these channels due to the absence of time reversal sym-
metry protection 66. Additionally, localization effects can
also contribute in decreasing the robustness of counter-
propagating edge states. On the other hand, in the case
of chiral edge states, the topology is mostly affected due
to localization effects while backscattering is absent due
to the one-way conducting channels.
IV. ALMOST FLAT EDGE STATES
In this section, we show the emergence of chiral sym-
metry in the system at certain values of J1 (J2) and large
values of J3 parameter, which leads to the emergence of
almost flat edge states. We analytically find that how the
chiral symmetry emerges in our system as we tune the J3
parameter to large values and as a consequence almost
flat (dispersionless) edge states appears at the systems’
boundaries.
To demonstrate the emergence of chiral symmetry, we
expand the Floquet operator at arbitrary points in the
two dimensional BZ for certain parameter values. First,
we choose the system parameter J1 = pi/2 and expand
the Floquet operator around BZ point kx0 . We choose
kx0 = pi/2, which is away from any band touching points.
Next, we consider another BZ point parametrized by a
deviation δ away from kx0 = pi/2 such that kx = kx0 + δ.
The resulting Floquet operator up to first order in δ is
given as,
U(δ, ky) =
[
sin(γ2)σ0 − i cos(γ2)σy
]
sin(γ′3)
+
[
−i cos(γ2)σx + i sin(γ2)σz
]
cos(γ′3),
(11)
where γ2 = J2 sin(ky), γ
′
3 = J3[M − δ + cos(ky)) and we
fix M = 1 for simplicity. We observe from Eq. (11) that
for γ′3 = mpi, the coefficient of σy Pauli matrix will be
zero i.e., sin(γ′3) = 0, where m is an integer. The solution
of all such points in the two dimensional BZ for fixed δ
is given as ky = cos
−1[mpiJ3 + δ − 1] where m ∈ [0, J3/pi]
such that −1 ≤ [mpiJ3 + δ − 1] ≤ 1. We further observe
that as we increase the value of J3 parameter, the set of
m values becomes large for which the solution hold. The
resulting Floquet operator is then given as,
U(δ, ky) = ∓i cos(γ2)σx ± i sin(γ2)σz (12)
where γ2 = J2 sin(ky) = J2 sin(cos
−1[mpiJ3 + δ − 1]) and
upper (lower) sign refers to even (odd) values of m. The
unitary chiral symmetry operator is given as C = σy
such that the Floquet operator obeys the chiral sym-
metry constraint CU(δ, ky)C† = U†(δ, ky). We can re-
peat the same analysis for other points in the BZ such as
kx0 = −pi/2 and observe the similar behaviour. It is im-
portant to mention that chiral symmetry emerges away
from the band touching points in the two dimensional
BZ. The existing edge states are expected to have almost
flat dispersion because of this emergent chiral symmetry,
namely, the system does have chiral symmetry at many
isolated points in the BZ. The topological phase transi-
tions will result in new chiral edge states near the band
closing points as discussed in section III, irrespective of
the presence or absence of chiral symmetry. The above
analysis can be repeated by fixing J2 = pi/2 instead of J1
and the resulting Floquet operator is given as,
U(kx, pi/2 + δ) =
[
sin(γ1)σ0 + i cos(γ1)σx
]
sin(γ′3)
+
[
−i cos(γ1)σy + i sin(γ1)σz
]
cos(γ′3) .
9where γ1 = J1 sin(kx), γ3 = J3(1 − δ + cos(kx)). Re-
peating the previous calculation results in the Floquet
operator as,
U(kx, δ) = ∓i cos(γ1)σy ± i sin(γ1)σx ,
and C = σx serves as the emergent chiral symmetry op-
erator.
FIG. 4. Parameter values are M = 1, J1 = pi/2, J2 = pi/3
and Nx = 800. Edge spectrum for (a) J3 = 1.5pi, (b) J3 =
2.5pi, (c) J3 = 3.5pi, and (d) J3 = 4.5pi with open boundary
conditions along x-direction and edge states localized at left
(red) and right (green) ends are shown.
In Fig. 4, the full quasienergy spectra of our system at
several J3 values are shown under open (periodic) bound-
ary conditions along x (y) direction. At small parameter
values J3 = 1.5pi, panel (a) shows that the system pos-
sess chiral and a pair of counter-propagating edge states
with no flat (dispersionless) edge states. As we increase
J3 = 2.5pi, we observe that the existing pair of counter-
propagating edge states becomes almost flat (Fig. 4(b))
with the emergence of a new pair of counter-propagating
edge states. It is worth mentioning that the emergence of
almost flat edge states depends on the direction of open
(periodic) boundary conditions. This indicates that these
almost flat edge states are a consequence of weak topo-
logical effects (See Appendix-C).
These almost flat edge states can be explained in terms
of weak emergent chiral symmetry. The chiral symmetry
is weak in the sense that Eq. (12) holds only for a rela-
tively small set of m values. As we increase J3 further,
the set of m values for which Eq. (12) is satisfied be-
comes bigger such that the corresponding points can be
found throughout the two dimensional BZ, and a strong
chiral symmetry emerges in the system which results in
the observation of almost flat edge states. They, along
with chiral edge states and pairs of counter-propagating
edge states can be observed in Fig. 4(c-d) around both
quasienergy zero and pi gaps. Connecting the example
here with the previous section, if we choose J1 = pi/3
instead of J1 = pi/2, we would have obtained four pairs
of counter-propagating edge states for J3 = 4.5pi.
It is important to emphasize that while the almost flat
edge states observed at large values of J3 originate from
the counter-propagating edge states, it does not contra-
dict the topological nature of counter-propagating edge
states elucidated earlier. In particular, these edge states
are not completely flat and thus still possess positive and
negative chirality around k = 0 and k = pi (respectively)
as expected for the formation of counter-propagating
edge states. In principle, one needs to tune J3 to infinity
in order to completely flat them out, where the system
consequenty undergoes an infinite number of topological
phase transitions, since the flattening of edge states and
the emergence of new counter-propagating pairs are the
consequence of phase transitions controlled by the pa-
rameter J3. Finally, we note that the almost flat edge
states observed above are difficult to probe via trans-
port properties capturable within the scattering matrix
formalism39. Developing new topological invariants for
characterizing such almost flat edge states may thus be
an interesting aspect which is beyond the scope of this
paper and will be left for future studies.
V. SUMMARY AND CONCLUSION
In this paper, via a theoretically simple model sys-
tem, nonequilibrium topological systems with charge-
conjugation symmetry are shown to have the capacity to
accommodate an arbitrary number of chiral and counter-
propagating edge states as certain system parameters are
tuned. These edge states may or may not coexist around
zero and pi gaps. Furthermore, the topological characteri-
zation of these counter-propagating edge states has been
made via the two-terminal conductance and dynamical
winding number. Moreover, it has been found that un-
like previous studies, the counter-propagating edge states
investigated here originate from strong topological effects
(owing to charge-conjugation symmetry protection), be-
cause they do not depend on the direction in which the
system is opened.
We have also demonstrated that both the counter-
propagating and chiral edge states in a disordered lattice
are immune against small to moderate symmetry preserv-
ing disorder. Under larger disorder strength, however,
chiral edge states are found to be more robust as com-
pared with a pair of counter-propagating edge states. Fi-
nally, under certain parameter values, we have observed
the emergent chiral symmetry in the two-dimensional BZ,
which leads to almost flat/dispersionless edge states. In-
terestingly, counter-propagating, chiral, and these almost
flat edge states can co-exist in some parameter regime.
In the future, it would be interesting to compre-
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hensively analyse the parameter regime where counter-
propagating, chiral and dispersionless edge states co-exist
in terms of new topological invariants. Moreover, a more
extensive study of the system in the presence of very
strong disorder might also be an interesting aspect to
pursue, where potentially new disorder induced Floquet
topological features can be explored. Lastly, a study de-
tailing some comparisons between counter-propagating
edge states, which are unique to Floquet systems, with
helical edge states commonly found in static systems is
also worthwhile, as both have at least one property in
common, i.e., localization at the same edge of the system
with opposite chirality.
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Appendix A: Analysis of Floquet operator and band
touching points
Using Euler’s formula, we obtain the Floquet operator
in momentum space as, U(k) = U3(k)U2(k)U1(k) where,
U1(k) = cos(γ1)σ0 − i sin(γ1)σx ,
U2(k) = cos(γ2)σ0 − i sin(γ2)σy ,
U3(k) = cos(γ3)σ0 − i sin(γ3)σz ,
(A1)
and γ1 = J1 sin(kx), γ2 = J2 sin(ky), γ3 = J3[M +
cos(kx) + cos(ky)] are the function of kx and ky, σ0 is
2 × 2 identity operator and σx, σy and σz are the Pauli
matrices in the sub-lattice degrees of freedom. The Flo-
quet operator can be written as,
U(k) = d0σ0 − i(dxσx + dyσy + dzσz), (A2)
where d0, dx, dy and dz are all real and given as,
d0 = cos[γ1] cos[γ2] cos[γ3] + sin[γ1] sin[γ2] sin[γ3] ,
dx = sin[γ1] cos[γ2] cos[γ3]− cos[γ1] sin[γ2] sin[γ3] ,
dy = cos[γ1] sin[γ2] cos[γ3] + sin[γ1] cos[γ2] sin[γ3] ,
dz = cos[γ1] cos[γ2] sin[γ3]− sin[γ1] sin[γ2] cos[γ3] .
(A3)
It can be observed that d0 and dz are even functions
of k = (kx, ky), while dx and dy are odd functions
of k = (kx, ky). The quasienergy of the system is
given as Ω±(k) = ± cos−1(d0) and the effective Hamil-
tonian is given as Heff = |Ω|[dxσx+dyσy+dzσz√
d2x+d
2
y+d
2
z
], where
|Ω| = cos−1[d0].
In order to analyse the system, we Taylor expand the
Floquet operator at certain points in Brillouin zone with
fixed M = 1 and arbitrary values of other parameters.
We choose a point (kx, ky) = (kx0 +δx, ky0 +δy) such that
δx(δy) are small deviations and δ
2
x(δ
2
y) ≈ 0 and first order
expansion is valid. First, we consider (kx0 , ky0) = (0, 0)
such that up to first order approximation sin(kx0 + δx) =
δx, sin(ky0 + δy) = δy, cos(kx0 + δx) = 1 and cos(ky0 +
δy) = 1. The expansion of the Floquet operator results
in,
U(δx,δy) = cos(3J3)σ0 − i
(
sin(3J3)σz
+
[
J1δx cos(3J3)− J2δy sin(3J3)
]
σx
+
[
J2δy cos(3J3) + J1δx sin(3J3)
]
σy
)
.
The quasienergies at BZ point (kx0 , ky0) = (0, 0) is given
as Ω±(0, 0) = ± cos−1[cos(3J3)] = ±3J3 which implies
that both bands touch at zero (pi) quasienergy when J3 =
mpi/3 where m is an even (odd) integer. The Floquet
operator near these band touching points is given as,
U(δx, δy) = ±σ0 − i(±iJ1δxσx ± iJ2δyσy) , (A4)
where upper (lower) sign indicates even (odd) values of
m. Effective Hamiltonian can be then obtained as,
Heff =
J1δxσx + J2δyσy√
(J1δx)2 + (J2δy)2
, (A5)
which takes the form of a Dirac Hamiltonian. Hence
our analysis shows that the band touching point at
(kx0 , ky0) = (0, 0) with J3 = mpi/3 has linear dispersion.
Secondly, we consider the BZ point (kx0 , ky0) = (pi, pi).
We expand the Floquet operator at this BZ point up
to first order in δx(δy) such that sin(kx0 + δx) =
−δx, sin(ky0 + δy) = −δy, cos(kx0 + δx) = −1 and
cos(ky0 + δy) = −1, so that
U(δx,δy) = cos(J3)σ0 − i
(
− sin(J3)σz
+
[− J1δx cos(J3)− J2δy sin(J3)]σx
+
[− J2δy cos(J3) + J1δx sin(J3)]σy) .
The quasienergies at δx = δy = 0 are given as Ω±(pi, pi) =
± cos−1[cos(J3)] = ±J3 and they are equal (modulo 2pi)
for J3 = mpi with m being an integer. Near these band
touching points, the Floquet operator is given as
U(δx, δy) = ±σ0 − i(∓J1δxσx ∓ J2δyσy) , (A6)
where upper (lower) sign corresponds to even (odd) val-
ues of m. The effective Hamiltonian will then have the
form of a Dirac Hamiltonian similar to Eq. (A5), which
indicates linear dispersion of quasienergy. BZ points
(kx0 , ky0) = (0, pi) and (pi, 0) also behave in the similar
way. Hence at J3 = mpi, the gap close at the four points
in the BZ as discussed in main text.
11
Appendix B: Edge spectrum under open boundaries
in the y-direction
Previous studies 35–39 show that the emergence of
counter-propagating edge states depends on the direc-
tion in which the system is opened, which is a signature
of weak topological effects 23,67–69. In this appendix,
we will demonstrate that the counter-propagating edge
states observed in the main text are in fact independent
on the direction of the system’s boundaries. To this end,
we first note that in Fig. 2 of the main text, we have
shown the edge spectrum with open boundary conditions
along x-direction. Here, we will instead focus on the
case where open boundary conditions are applied along
y-direction and compare our results to those of Fig. 2.
FIG. 5. Parameter values are J1 = J2 = pi/3,M = 1, Ny =
400. Open (periodic) boundary conditions are applied in
y (x)-direction and states localized at left (red) and right
(green) edge for (a) J3 = 0.8pi, (b) J3 = 1.8pi have been
shown.
Figure 5 shows the full quasienergy spectrum of our
system with open boundary conditions along y-direction.
For J3 = 0.8pi, one counter-propagating pair in zero
gap and one chiral edge state in pi gap are shown in
Fig. 5(a). The phase corresponds to (G0,W0) = (2, 0)
for zero gap and (Gpi,Wpi) = (1,−1) for the pi gap which
can be observe in Fig. 1. Increasing J3 will induce
type-I and type-II phase transitions which will result
in the emergence of new chiral and counter-propagating
edge states in the system. Figure 5(b) shows the pa-
rameter regime where our system exhibits two counter-
propagating edge pairs around the pi quasienergy gap, as
well as one pair of counter-propagating edge states and
chiral edge states around the zero quasienergy gap for
J3 = 1.8pi. It corresponds to (G
0,W0) = (3,−1) around
the zero quasienergy gap and (Gpi,Wpi) = (4, 0) around
the pi quasienergy gap (Fig. 1). The above results thus
show that the edge states in our system do not depend
on the direction in which the system is opened.
Appendix C: Robustness of dispersionless edge
states
In section IV, we have observed the dispersionless edge
states under open (periodic) boundary conditions along
x (y) spatial direction. It is important to mention that
the dispersionless edge states in above mentioned case de-
pend on the direction of open (periodic) boundary condi-
tions. With the same parameter values, if we interchange
the boundary conditions between two spatial directions,
then only chiral and counter-propagating edge states are
obtained at the systems’ boundaries. Such a dependence
on the boundary conditions indicates that the emergence
of dispersionless edge states is a weak topological effect
23,67–69.
In order to demonstrate this weak topological effect,
we choose J1 = pi/2 and J2 = pi/3 along with open (peri-
odic) boundary conditions in y (x) direction. In Fig. 6,
we have shown the full quasienergy spectrum under open
(periodic) boundary conditions in y (x) direction. Figure
6(a) shows three pairs of counter-propagating edge states
along with one chiral edge state in each quasienergy gap
for J3 = 3.5pi and spectrum does not carry any disper-
sionless edge state. As we increase J3 by pi, another pair
of counter-propagating edge states emerges in the system
which is shown is Fig. 6(b). By comping Fig. 4(c-d) to
Fig. 6(a-b) respectively, it is concluded that these dis-
persionless edge states are a weak topological effect.
FIG. 6. Parameter values are J1 = pi/2, J2 = pi/3,M =
1, Ny = 800. Open (periodic) boundary conditions are ap-
plied in y (x)-direction and states localized at left (red) and
right (green) edge for (a) J3 = 3.5pi, (b) J3 = 4.5pi have been
shown.
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